Abstract. We identify a class of closed smooth manifolds for which there exists a uniform bound on the Lagrangian spectral norm of Hamiltonian deformations of the zero section in a unit cotangent disk bundle. This class of manifolds is characterized in topological terms involving the Chas-Sullivan algebra and the BV-operator on the homology of the free loop space. In particular, it contains spheres and is closed under products. This settles a conjecture of Viterbo from 2007 as the special case of T n . We discuss generalizations and applications.
Introduction
In this paper we prove a generalization of a conjecture of Viterbo from 2007 [41, Conjecture 1] on the spectral norm γ(L ′ , L) of Lagrangian submanifolds in the disk cotangent bundle of a large class of closed connected manifolds L, including T n . We shall consider all homological invariants, including the spectral norm, with coefficients in a field K.
The main tool of the paper is the Viterbo isomorphism [1, 2, 4, 31, 40] of BV-algebras between the symplectic cohomology of the cotangent bundle and the homology of the loop space of the base, combined with the TQFT operations on symplectic cohomology and Lagrangian Floer homology studied by Seidel and Solomon [33] .
We start by describing the class of manifolds to which our results apply. Fix a base field K as a coefficient ring for homology and cohomology groups. For a closed connected smooth manifold L of dimension dim(L) = n, consider the constant-loop inclusion map ι : H * (L) → H * (LL), and the evaluation map ev : H * (LL) → H * (L), between its homology and the homology of the free loop space LL of L. Given a homogeneous class a ∈ H * (LL), let m a : H * (LL) → H * +|a|−n+1 (LL) be the right Chas-Sullivan [10] string bracket [−, a] with a. We recall that the string bracket is given in terms of the Chas-Sullivan product * , and the BV-operator ∆ : H * (LL) → H * +1 (LL).
It is essentially the ∆-differential of the product: for homogeneous elements a, b ∈ H n− * (LL), This bracket together with the product forms the structure of a Gerstenhaber algebra on H n− * (LL). In terms of these operations, the main operator that we consider in this paper is
Definition 1. We call a closed connected smooth manifold L string point-invertible over K if it is K-orientable and there exists a collection of classes a 1 , . . . , a N ∈ H * (LL) such that the composition P = P a N • . . . ) | P ∈ P}, where P is the subalgebra of Hom(H * (L), H * (L)) generated by {P a | a ∈ H * (LL)}.
Remark 2. We note the following three points regarding Definition 1. i. Set H * (L) + = ker(ev : H * (LL) → H * (L)). It is easy to see that we may, without loss of generality, restrict a 1 , . . . , a N in Definition 1 to lie in H * (L) + and replace P with its subalgebra P + generated by {P a | a ∈ H * (LL) + }. Indeed, it is enough to consider homogeneous elements a, in which case P a : H * (L) → H * +|a|−n+1 (L) is a homogeneous operator. Further, for all b ∈ ι(H * (L)), P b = 0 since ∆ = 0 on ι(H * (L)), and ι, ev are maps of algebras, H * (L) being endowed with the intersection product. Hence we may correct each homogeneous element a ∈ H * (LL) by a 0 = ι • ev(a) to obtain the homogeneous element a ′ = a − a 0 ∈ H * (L) + , with the property that P a ′ = P a . Hence . . , a ′ N ∈ H * (L) + . ii. For a class a ∈ H * (LL) we may consider the operator Q a : H * (L) → H * (L), given by Q a = ev • m ′ a • ι, where m ′ a is the Chas-Sullivan product by a. The technical arguments in this paper apply to this simpler map, however since ev and ι are maps of algebras, and ev • ι = id, we observe that for x ∈ H * (L), Q a = ev • m a • ι(x) = ev(a * ι(x)) = ev(a) * ev • ι(x) = ev(a) * x. Therefore Q a is the multiplication operator by ev(a) ∈ H * (L) with respect to the intersection product on H * (L). In particular it does not increase degree. Therefore, while adding the operations Q b , b ∈ H * (LL), to Definition 1 may theoretically be useful, in practice it seems to have little effect. iii. Note that if P a : H * (L) → H * (L) increases degree, then the homological degree of a ∈ H * (LL) satisfies |a| ≥ n.
We proceed to discuss the size of the class of string point-invertible manifolds by describing examples and non-examples, based on known calculations of the Chas-Sullivan Gerstenhaber algebra. These calculations turn out to be quite delicate, and to depend on the choice of coefficients, and hence so does the property of string point-invertibility.
By a result of Menichi [27] this class contains spheres of odd dimension S 2m+1 , m ≥ 0, with arbitrary coefficients, and S 2 with coefficients in F 2 . A minor modification of the argument of Menichi for S 2 shows that the even-dimensional spheres S 2m , m ≥ 1 are in this class, with F 2 coefficients. By a result of Tamanoi [37] , the complex Stiefel manifolds V n+1−k (C n+1 ) ∼ = SU (n+1)/SU (k) of orthonormal (n+1−k)-frames in C n+1 for all n ≥ 0, 0 ≤ k ≤ n, are string point-invertible over arbitrary coefficients, and by Menichi [28] (see related result of Hepworth [18] ), all compact connected Lie groups are string point-invertible, with characteristic zero coefficients. Results of Westerland [42] indicate that over F 2 , certain projective spaces, for example CP n and HP n , where n is odd, are also string point-invertible. Even though the results of [42] pertain to a different BV-operator than the one we use here, since these spaces are simply connected, results of Malm [25] and Felix-Menichi-Thomas [13] or Keller [19] imply that the Gerstenhaber algebras induced by the two BV-operators are in fact isomorphic (see also the discussion in [12] ). Furthermore, as string point-invertibility depends only on the Gerstenhaber algebra structure on H n− * (LL) and the evaluation and inclusion maps, at least for L simply connected, by the latter results, as well as [14] , it depends only on the singular cochain dg-algebra C * (L) of L, up to isomorphism.
By Menichi [27] , this class does not contain the even-dimensional spheres S 2m , m ≥ 1 for coefficients of characteristic zero, for instance, and the same is true for CP n , n ≥ 1, HP n , n ≥ 1 and OP 2 by results of Yang [43] , Chataur-Le Borgne [11] , Hepworth [17] , and Cadek-Moravec [9] . Moreover, by [9, 11, 17] the same is true for CP n , HP n , where n is even, and for OP 2 , with F 2 -coefficients. By a result of Vaintrob [39] , this class does not contain the closed surface Σ g of genus g, for each g > 1, and any choice of coefficients. The same is true for closed manifolds of strictly negative sectional curvature, again by [39] or by an index argument of Tonkonog [38] .
Finally, we have the following general structural result for this class.
Proposition 3. The class of string point-invertible manifolds over a fixed field K is closed under products.
In particular, the n-torus T n is string point-invertible over any field K. To verify the definition one can take (the image under coefficient change to K of) the sequence a 1 , . . . , a n of positive generators of H n (L e j L; Z) ∼ = Z for free homotopy classes of loops e 1 , . . . , e n corresponding to a positively oriented basis of Z n . The main result of this paper is the following.
Theorem A. Let L be string point-invertible over a field K. Let g be a Riemannian metric on L. Then there exists a constant C(g, L; K) such that for all exact Lagrangian submanifolds
Remark 4. By the triangle inequality for the spectral norm, it is enough to prove the above statement for L 1 = L, the zero section in D * g L. This statement was previously known for K = F 2 , and L ∈ {RP n , CP n , HP n , S n : n ≥ 1} by [35] , essentially in the case when L 1 is Hamiltonianly isotopic to the zero section, and L 0 = L. In particular the case of T n for n > 1 has remained completely open. We note that by the above examples, Theorem A is somewhat complementary to the existing result. Furthermore, while quite a few manifolds including surfaces of higher genus are not string point-invertible, and hence Theorem A does not apply as such, there is an ongoing work [7] proving results related to the Viterbo conjecture for bases given by arbitrary closed connected manifolds.
The strategy of the proof of Theorem A differs significantly from that of [35] . The main idea is threefold: first, a homogeneous class a ∈ H n− * (LL) + corresponds by the Viterbo isomorphism [1, 2, 4, 31, 40 ] to a class α ∈ SH * (LL) (the latter computed with suitable background class) with the property that [3, 5, 15, 21] each such L ′ has vanishing Maslov class, is Spin relatively to the above background class, and endowed with suitable Spin structure is Floer-theoretically equivalent to the zero section L). Second, working up to
Liouville domain with contact boundary S = ∂D = S * g L, the work of Seidel and Solomon [33] gives an operation HF * (L 0 , L 1 ) → HF * +|α|−1 (L 0 , L 1 ), which raises the action filtration by no more than a symplectic-homological spectral invariant c(α, D, S) corresponding to the class α and the domain D. Finally, using further TQFT operations for Lagrangian Floer cohomology and symplectic cohomology [1, 4] , we calculate that under the Floer-theoretic equivalence with the zero section, Poincaré duality H * (L) ∼ = H n− * (L), and the Viterbo isomorphism, this operation is given by P a : H * (L) → H * +|a|−n+1 (L). Therefore, in view of string point-invertibility, assuming for simplicity that all P a j , 1 ≤ j ≤ N, increase degree, which tends to happen in practice, by successively writing inequalities that bound the Lagrangian spectral invariants of classes of higher homological degree in terms of those of classes of lower homological degree, we arrive to a uniform upper bound on the spectral distance γ(L 0 , L 1 ; K), finishing the proof.
Remark 5. A few remarks on Theorem A are in order.
i. It is not necessary that our Weinstein domain be D * g L for a Riemannian metric g. In fact the same result holds for any Weinstein domain D with completion given by T * L. In this case the upper bound will be given in terms of a constant c(D, L; K). For example D may be given by a Finsler metric, or an optical domain: one that is strictly fiberwise star-shaped, and has a smooth boundary. Finally, approximating general, not necessarily smooth, strictly fiberwise starshaped domains by ones with smooth boundary, we obtain a uniform bound in that case as well. ii. In fact C(g, L; K) in Theorem A can be chosen to be equal to a certain sum of spectral invariants relative to the domain D with boundary S, corresponding to any N -tuple a N , . . . , a 1 ∈ H * (LL) as in Defintion 1. See Equation (7) . Furthermore, it is easy to see that the spectral invariants c(a, D, S) are continuous in the Banach-Mazur distance with respect to the natural R >0 -action on T * L [30, 36] (see (1)), and hence extend for example to the non-smooth strictly fiberwise star-shaped case. As a consequence we obtain bounds in the non-smooth fiberwise star-shaped case in terms of the extension of the spectral invariants. iii. Let g 0 be the standard metric of diameter 1/2 on
, it is evident that C(D 0 , L 0 ; K) = 1 in this case. This upper bound is sharp, since for each ǫ > 0 sufficiently small, it is easy to construct a La- 
It is easy to calculate that the upper bound obtained by continuity from (7) is in this case C(D, L; K) = n. It is seen to be sharp by noting that
, and the only intersection point of L ′ and L indices n and 0 are (x, . . . , x), and (y, . . . , y) respectively. iv. We note that Theorem A fails for general bounded Liouville domains. For example it is false for Lagrangians Hamiltonian isotopic to L in plumbings of D * L with two or more cotangent disk bundles by [44] .
1.1. Applications. As observed in [35] , an argument of neck-stretching around a divisor in
is a closed symplectic manifold such that Theorem A holds for L = M, and M − denotes the symplectic manifold (M, −ω), allows one to prove, for example in the symplectically aspherical case, that the Hamiltonian spectral norm on Ham(M, ω) is Lipschitz in the C 0 norm, in a C 0 -neighborhood of the identity. We pick one instance of such an application.
, the distance d being taken with respect to a background Riemannian metric on M.
Corollary 6. Let g be a Riemannian metric on T 2n , and K be a field. The spectral norm
over K satisfies the following. There exist constants C, δ > 0, such that
for all φ ∈ Ham(T 2n , ω st ).
We refer to [35] for a discussion of results of this kind, such as [8, 34, 35] and their applications [8, 20, 24] , and a proof of a similar, though more complex, implication [35, Theorem C] . Essentially the same proof allows one to show that γ pt : Ham(M, ω) → R ≥0 satisfies the same property as in Corollary 6, whenever (M, ω) is a monotone symplectic manifold such that as a smooth manifold M is string point-invertible over K. Here γ pt (H) for a Hamiltonian
is given in terms of Hamiltonian spectral invariants by
the infimum running over a ∈ QH * (M, Λ K ), the quantum homology algebra over the Novikov field Λ K , where * is the quantum product, and [pt] ∈ QH 0 (M, Λ K ) is the point class. One quickly verifies that γ pt (H) depends only on the time-one map φ = φ 1 H of the Hamiltonian flow of H, and it is well-known [26, Equation 12.4.6 ] that γ pt (φ) > 0 if and only if φ = id . It does not however define a metric on Ham(M, ω), as it does not in general satisfy the triangle inequality. Finally we note that for K = F 2 , monotone products of spheres S 2 × . . . × S 2 and their products V × T 2m , m ≥ 1, with tori, provide examples of such manifolds.
Similarly to [35] , Theorem A yields the existence of non-trivial homogeneous quasi-morphisms on Ham c (D * g L) for L string point-invertible, providing new examples of quasi-morphisms on compactly supported Hamiltonian diffeomorphism groups of Weinstein domains. In particular, the quasimorphism µ : Ham c (D * g T n ) → R in the case of T n is immediately seen to be invariant under finite coverings T n → T n , scaled suitably, as defined in [41] (see also [29] ). Of course a similar invariance works for products T n × L with L string point-invertible, with the induced coverings, or for finite coverings L ′ → L with both L, L ′ string point-invertible. It is an interesting topological question to determine whether or not the class of string pointinvertible manifolds is closed with respect to finite coverings: we expect this to be the case when working with coefficients of characteristic zero. Furthermore, Theorem A provides a different proof, and indeed a strengthening, of the results of [41, Section 7] .
We finish with yet another application, that is proved again by a neck-stretching argument (see [35, Theorem F] ), which is again somewhat simpler, because of the weakly exact setting.
Corollary 7. Let L be string point-invertible. Suppose L is embedded as a weakly exact Lagrangian submanifold in a symplectically aspherical symplectic manifold M that is closed or tame at infinity. Consider the pair (U, L),
Consider r ∈ (0, 1), and let U r be the preimage of r · D by the symplectomorphism. Then there exists a constant
An example of the situation described in Corollary 7 is the torus L = T n embedded as
where for all 1 ≤ j ≤ n, the submanifold L j ⊂ Σ j is an embedded simple closed curve in the closed oriented surface Σ j of genus at least 1, that does not bound a disk. In the cases of Corollaries 6 and 7, arguments following [20, Theorem B] show that the associated Floer-theoretic barcodes, up to shift, are continuous in a suitable C 0 -sense. Moreover, one can deduce analogues of both corollaries for certain monotone symplectic manifolds, respectively monotone Lagrangian submanifolds, however for reasons of conciseness we defer this discussion to a further publication.
As a closing remark, we mention that it would be very interesting to see if additional algebraic structures on symplectic cohomology and string topology could be applied to extend the class of manifolds L for which Viterbo's conjecture holds. For instance, introducing local systems on LL that are trivial when restricted the image of the constant-loop embedding L → LL, or considering higher operations in the suitable L ∞ -algebras or SFT algebras, may yield further such examples.
Preliminaries
Throughout the paper we follow the definitions and notations of Seidel and Solomon [33] , with one distinction: we take the opposite sign for all action functionals. Furthermore, we adopt the following convention: everywhere we argue up to ǫ, and allow arbitrarily small perturbations of all Hamiltonian terms involved. For example, when the Hamiltonian perturbation data has curvature zero, it means that we may achieve regularity by a Hamiltonian term arbitrarily close to the given one, in such a way as to make the curvature arbitrarily small.
We sketch the part of definitions where additional detail is required. In particular we look at exact Lagrangian submanifolds L inside a Weinstein manifold W with Liouville form θ, and symplectic form ω = dθ. We restrict attention to the case when W is the completion of a Weinstein domain D with compact contact boundary S, and we consider L ⊂ D. For the definition of symplectic cohomology we choose a cofinal family of Hamiltonians H λ that are ǫ-small in the C 2 norm on D, and are in fact non-positive Morse functions there with gradient pointing outward of D at S. Furthermore outside of D ∪ C for a small collar neighborhood C = C λ of S, H λ = λ·r, where r is the radial coordinate on the infinite end ([1, ∞)× S, d(rα)), α = θ| S , of the completion, with the property that λ / ∈ Spec(α, S), that is, it is not a period of a closed Reeb orbit of α. The latter is a smooth loop γ : R/T Z → S, T > 0, such that γ ′ (t) = R α •γ(t) for all t ∈ R/T Z, and the Reeb vector field R α on S is defined by the conditions ι Rα α = 1, L Rα α = ι Rα dα = 0. Furthermore, we require that 0 < ǫ ≪ ǫ α = min Spec(α, S), and that H λ be radial increasing and convex in C. Furthermore, (an arbitrarily small perturbation in D ∪ C of) H λ is non-degenerate at all its 1-periodic orbits, which necessarily lie in D ∪ C. All closed H λ one-periodic orbits in C are in a 2 to 1 correspondence with the Reeb orbits of α of periods in [ǫ α , λ), and we choose C, H λ so that for a fixed δ > 0 independent of λ the H λ -actions of these orbits are δ-close to their α-periods. We choose δ ≪ ǫ α . Furthermore, we require that
k→∞ −−−→ 0. That these choices can be made is standard material on symplectic cohomology (see for example [16, Section 5] ). From now on, when we write H λ we assume that λ = λ k . Finally, for two fixed Lagrangian submanifolds
We recall that the ω-compatible almost complex structures J that we consider are of convex type: on the infinite end of W, J∂ r = R α , and J is invariant under translations in ρ = log(r). The action of a periodic orbit x of H is defined as
We consider the Floer cohomology groups CF * (H λ
Note that the critical points of A H on the loop space LW are precisely given by time-1 periodic orbits of the isotopy {φ t H } generated by X H . Furthermore, if d H;J (y) = z, then A H (y) > A H (z). Finally, CF * (H λ k ) forms a direct system with respect to the natural order on {λ k }, by means of Floer continuation maps:
Its filtered version associated to (D, S) is defined as
where CH * (H λ k ) <t is the subcomplex generated by 1-periodic orbits of action strictly smaller than t. 
Given two exact Lagrangian submanifolds
For a class a ∈ SH * (W ) \ {0}, its symplectic cohomology spectral invariant c(a, D, S) relative to the domain D with contact-type boundary S, is defined as
where SH * (W ) <t → SH * (W ) is the natural map induced by the inclusions of complexes CF * (H λ ) <t ⊂ CF * (H λ ). These spectral invariants (see [23, 30, 36] ) are known to satisfy the following properties. 
where ψ t is the flow of the Liouville vector field X given by
where
It is well-known (see [22, 35] and references 
where F = K ′ #K is the Hamiltonian generating the flow φ t K ′ •(φ t K ) −1 . This allows us to extend the spectral invariant to arbitrary perturbations (even continuous ones), and in particular we define c(x, L 0 , L 1 ) as the limit of c(x, L 0 , L 1 ; D) as the norm of the Hamiltonian term of D tends to zero. Finally, we remark that if
, and where C is the collar neighborhood of S such that K is convex radial in C and has slope λ outside
From now on, for each exact Lagrangian L we fix an enhancement L, and set c(x, L 0 ,
. Our results will not depend on this choice.
Signs in the count of the differentials, as well as gradings, in both kinds of Floer complexes are determined by certain background classes. We summarize these below, and refer to [33] , [5] , [3] , [21] , [32] , [4] for details. For grading in the symplectic homology, we assume that 2c 1 (T W ) = 0, in which case the Grassmannian Lagrangian bundle Lag(M ) → M admits a cover Lag(M ) → M with fibers given by universal covers of the former fibers, and for signs we fix a background class b ∈ H 2 (W, F 2 ). In the main case we consider, W = T * L, for L a closed manifold, our assumption holds, and we set b = π * w 2 (L), for π : T * L → L the natural projection. The existence of the cover can be deduced by considering the section of Lag(M ) given by the Lagrangian subspaces tangent to the fibres. We equip each exact Lagrangian L ′ ⊂ T * L with the structure of a brane as follows. By [21] , the Maslov class of L ′ vanishes, whence Lag(M )| L ′ admits H 0 (L ′ , Z) = Z-worth of sections, which we call gradings, of which we pick one. By [3] 
, hence L ′ is relatively Spin with respect to b, and futhermore out of the H 1 (L ′ , F 2 ) = H 1 (L, F 2 ) choices of a relative Spin structure we fix one, such that L ′ endowed with these choices is Floer-theoretically equivalent to the zero-section L (see Theorem C) with the standard relative Spin structure and grading. Throughout the paper, when considering Lagrangians, we keep in mind such an underlying determination of a brane structure.
Cycles in Deligne-Mumford moduli spaces of disks, considered as Riemann surfaces with boundary, decorated with interior and boundary punctures, whose universal curves are equipped with choices of positive or negative (input or output type) cylindrical ends at each puncture, induce operations on the various Floer homology groups considered. Indeed, we may equip the universal curves with Floer data compatible with gluing and compactification, wherein the cylindrical ends allow one to write suitable Floer equations and asymptotic conditions on the punctures to land in the correct Floer complexes. For more details we refer to [33] . In our case, as we wish to consider the behavior of actions and energies in our operations, we need to make further choices. In particular, we use the notion of cylindrical strips introduced and used in [20] . In fact, the Floer decorations for our main homological operation were already considered in [20] in the case of closed monotone symplectic manifolds, and their monotone Lagrangian submanifolds. We note that in constast to the closed case, in the case of Liouville manifolds one must ensure that the images of all Floer solutions lie in a compact subset of W. This is accomplished by the integrated maximum principle (see [6, Lemma 7.2] 
or [4, Section 5.2.7]).
In particular, consider the moduli space of disks with a unique input interior marked point and one output boundary marked point, with the cylindrical end at the interior marked point chosen so that the asymptotic marker points towards the boundary marked point. This moduli space is a point, and we may equip it with a choice of a cylindrical strip from the input to the output. We set the Hamiltonian Floer datum to be H λ ⊗ dt on the cylindrical strip. Furthermore, we choose boundary condition L for the Floer solutions. This gives us, for a suitable perturbation datum D = D L,L with Hamiltonian part compactly supported and of
which is a chain map. This operation yields the canonical restriction map
As by [20, Section 2.5], arguing up to ǫ, the Floer data chosen as above has zero curvature, all perturbation data, in particular D L,L , can be chosen to have Hamiltonian parts sufficiently small, so that this operation satisfies
Furthermore, consider the moduli space of disks with two boundary marked points, an input and an output, and one interior marked point with asymptotic marker pointing towards the output. This moduli space is identified with an interval R, and its Deligne-Mumford compactification is identified with a closed interval by adding nodal disks at −∞, and +∞. See [33] for a description of these nodal disks. Choose cylindrical ends accordingly, and choose a cylindrical strip between the interior input and the boundary output. On this cylindrical strip, let the Hamiltonian part of the Floer datum be H λ ⊗ dt. This yields an operation:
Considering the above compactification, one obtains [33] that φ 1 
Finally, let a ∈ CF * (H λ ) be a cycle, whose cohomology class represents α ∈ SH * (W ), with
. As in [33, Equation 4 .4], given a cycle a ∈ CF k (H λ ), and two a-equivariant Lagrangians
. By our choices in the construction of symplectic cohomology, the assumption on A H λ (a) is verified unless a lies in the subcomplex formed by generators located in D. In case a does lie in this subcomplex, and a = 0, then A H λ (a) ≥ −ǫ, in which case (3) holds still. The case a = 0 is trivial. Hence (3) applies to all a ∈ CF * (H λ ), and x ∈ CF * (L 0 , L 1 ).
Finally, we recall two fundamental results on the symplectic topology of cotangent bundles. The first result, proved by Viterbo [40] , Abbondandolo-Schwarz [1] , and Salamon-Weber [31] in the case of K = F 2 , or for Spin manifolds and arbitrary coefficients, and by Abouzaid and Kragh in the geneneral case (see [4] and the references therein), asserts a relation between the symplectic cohomology of (T * L, θ can ) considered as a Weinstein manifold, and the homology of the free loop space LL. In general, to compare signs between the two theories, a local system on LT * L should be introduced, as mentioned above. For certain choices of L and K, such as K = F 2 , or L being Spin, this local system is trivial and can therefore be ignored. Finally, we note that it is important for our purposes, that this is an isomorphism of Gerstenhaber algebras over K, rather than simply one of K-algebras. This aspect of the isomorphism is discussed in [4] : in fact it is an isomorphism of BV-algebras.
Theorem B (Viterbo isomorphism). There exists an isomorphism
of BV-algebras over K, where SH * (W ) is endowed with the pair-of-pants product, and the BVoperator arising from the moduli space of cylinders with free asymptotic markers at infinity, while H n− * (LL) is endowed with the Chas-Sullivan product, and the BV-operator given by suspending the S 1 -action by loop-rotation on LL. The map ev :
by the isomorphism Φ and Poincaré duality.
The second result, due to Fukaya-Seidel-Smith [15] in the simply connected case, and Abouzaid [3] and Kragh [21] , in the general case, asserts that each exact Lagrangian L ′ in the cotangent bundle T * L is isomorphic to L in the Fukaya category of T * L. It is not difficult to observe that this isomorphism is in fact an isomorphism of modules over SH * (T * L): indeed, after one knows that the isomorphism is given by multiplication by continuation elements, this is a consequence of the homotopy property of φ 1
. We state a simplified version that is sufficient for our purposes, referring to [5] .
Theorem C (Exact nearby Lagrangians are Floer-theoretically equivalent). Let L and K be as above, and let L ′ be an exact Lagrangian in T * L. Then for each exact Lagrangian K, the SH * (T * L)-modules HF * (L ′ , K), and HF * +i (L, K) are isomorphic, and the same is true for HF * (K, L ′ ), and HF * −i (K, L), for certain i ∈ Z. The isomorphisms in both directions can be taken to be multiplication operators
At this point we define the spectral norm γ(L 0 , L 1 ) for exact Lagrangians in T * L as follows. Choose primitives
These invariants are finite, and satisfy numerous useful properties, and in particular they are defined for arbitrary exact L 0 , L 1 , by taking the limit as the Hamiltonian term in the perturbation datum D goes to zero. We set the spectral norm to be
Note that as a difference of two spectral invariants it does not depend on the choice of
, from which one obtains that γ(L 0 , L 1 ) ≥ 0, and that the inequality is strict unless L 0 = L 1 (see [20] ). Further properties of spectral invariants imply that γ( 
H , is the time-one map of the Hamiltonian isotopy generated by H. Finally, note that we shall study the restriction of γ to the subspace of exact Lagrangian submanifolds in D ⊂ T * L, where D is a bounded Liouville domain with completion
. By means of Theorem C, if we are merely interested in the
,a ] on the homological level, and L 0 , L 1 are exact Lagrangians in T * L, then we may replace both L 0 , and L 1 by L in the definition. In this case, we compute the operation
,a ] as follows.
Proof of Proposition 8 (sketch). One way to prove this result involves first showing that
is the right symplectic homology bracket with a ∈ SH * (T * L), given by the pair of pants product and the BV-operator
is the restriction map. Consequently, one shows that each of these maps is identified with ι, m Φ(a) , ∆, and ev, respectively under the isomorphisms Φ and
. Theorem B takes care of identifying m a ′ and m Φ(a) , and ∆ ′ with ∆. It is left to identify ι ′ with ι, and r L with ev. The map r L in the latter pair is a suitable closed-open map, and the identification is carried out by following the isomorphism Φ from [4] . The map ι ′ defined below can again be seen to correspond to ι by following the construction in [4] . Alternatively, see [1, 2] .
To show that P ′ a = r L •m ′ a •ι ′ , we first observe that ι ′ is given [4] (see also [1] ) by the moduli space of disks with one interior marked point, which is an output, and boundary conditions on a cotangent fibre T * x L where x, that we consider to be an input, is allowed to vary freely in L. We choose the perturbation datum to coincide with H λ ⊗ dt on a cylindrical end by the output, and with zero near the boundary. This is possible to achieve while keeping the conditions of the integrated maximum principle of Abouzaid and Seidel [6] , that keeps the corresponding solutions to the Floer equations within D ∪ C λ .
Similarly, r L is given by the moduli space of disks with one interior marked point, which is an input, and one boundary marked point which is an output, with the asymptotic marker at the interior marked point pointing towards the boundary marked point, and with boundary conditions on L. It is then easy to see by gluing, that r L • ι ′ is given by the moduli space of annuli with boundary conditions on a cotangent fiber on one boundary component and L on the other, with a boundary marked point, an output: that is in a concrete model, if the annulus is given by [0, l]×S 1 , the boundary marked point is (l, ζ) for ζ ∈ S 1 , and the boundary condition at {0} × S 1 is on T * x L for a varying x. Moreover it is easy see, for example by a suitable homotopy of the Hamiltonian perturbation data and a pearly model for this operation, that on the homology level
We claim that it is therefore given by the compactified moduli space of annuli with one boundary component marked by a varying cotangent fibre, the other boundary component marked by L and endowed with an unconstrained boundary marked point, an output, and one interior input marked point. The asymptotic marker at the interior marked point is pointing towards the output, and we use the interior marked point to plug in a.
This last claim requires further elaboration. We proceed as follows. First we glue the moduli space of disks describing φ 1 L,L (a, −) and the moduli space of disks describing r L • ι ′ on the chain level. After fixing parametrization, we can fix the former to be given by the standard disk D 2 ⊂ C with two fixed marked points ζ − = −1, ζ + = 1 on the boundary, and an interior marked point z = iy with Re(z) = 0, and asymptotic marker pointing towards ζ + along a hyperbolic geodesic. Hence the glued operation is given by an cylinder [0, l] × S 1 with boundary conditions as above, and interior marked point constrained to an arc γ 1 with boundary {(l, ζ 1 )} − {(l, ζ 0 )} on l × S 1 separating (l, 0) and {0} × S 1 , with asymptotic marker pointing towards (l, 0). Furthermore, we identify, up to chain-homotopy, the correction term
L,L,a , precomposed with the chain-level map ψ giving r L • ι ′ , as the operator given by the same Riemann surface, now considered as an annulus with outer boundary {l} × S 1 , with the same boundary conditions and boundary marked points, except that the interior marked point, used to plug in a, is now constrained to an arc γ 2 with boundary −{(l, ζ 1 )} + {(l, ζ 0 )}, which now does not separate (l, 0) and {0} × S 1 (this is a result of parametric gluing applied to a one-parametric family of nodal annuli, consisting of an annulus and a disk related by a node (l, ζ), with the interior marked point in the disk, used to plug in a, the asymptotic marker pointing at the node, interpolating between the surface for (l, ζ 1 ), and the one for (l, ζ 0 ), with ζ in the spherical arc [ζ 1 , ζ 0 ] not containing 0). The asymptotic marker at the interior marked point still points towards (l, 0). Choosing γ 1 and γ 2 suitably, and considering a homotopy of the decorated Riemann surfaces corresponding to the loop γ 1 #γ 2 , we obtain the claim.
Finally, it is easy to see, by gluing again, that r L • m ′ a • ι ′ is given by a homotopic moduli space of decorated annuli. This is immediate by gluing from the description of the string bracket [4, Section 2.5.1] as the moduli space of spheres with 3 marked points, where in the model of S 2 = CP 1 = C ∪ {∞} we choose the marked points z 0 = ∞, z 1 = 0, and z 2 restricted to the unit circle z 2 = e iθ for θ ∈ R/(2π)Z. The asymptotic markers at z 0 , z 1 are chosen to be tangent to the imaginary axis, and pointing in the negative, resp. positive, direction. The asymptotic marker at each z 2 = e iθ is chosen by identifying S 2 \ {z 0 , z 2 } biholomorphically with R×S 1 , so that the output asymptotic marker at z 0 correspond to the ray (−∞, 0)×{0} in the negative end (−∞, 0) × S 1 , and choosing the input asymptotic marker at z 2 to correspond to the ray (0, ∞) × {0} in the positive end (0, ∞) × S 1 .
Proofs

3.1.
Proof of Theorem A. Let a 1 , . . . , a N ∈ H n− * (LL) + be such that
Let µ, e ∈ HF * (L 0 , L 1 ) be such that µ corresponds to [pt] and e corresponds to [L] under the isomorphism
It is therefore sufficient to prove that there exists a constant C(g, L; K) such that
Let a ′ 1 = Φ −1 (a 1 ), . . . , a ′ N = Φ −1 (a N ). Since a 1 , . . . , a N ∈ H n− * (LL) + , we obtain that L 0 , L 1 are a j -equivariant for all 1 ≤ j ≤ N. In view of Proposition 8, the identity (5) corresponds to (where D is chosen to be Hamiltonian-small). Then for 1 ≤ j ≤ N we set
In this situation we obtain by (3) that for all 0 ≤ j < N,
Therefore by (6) , we obtain that 
Proof of Proposition 3.
Let L, L ′ be string point-invertible. We will show that so is L×L ′ . Let a 1 , . . . , a N , and a ′ 1 , . . . , a ′ N ′ be sequences exhibiting the fact that L, respectively L ′ , are string point-invertible. Consider b k = a k ⊗ ι([L ′ ]), for 1 ≤ k ≤ N, and b k = ι([L]) ⊗ a ′ k−N , for N < k ≤ N + N ′ . We claim that the sequence b 1 , . . . , b N +N ′ , up to sign, is the required one for L × L ′ . Since it is indeed enough to consider the question up to signs, we will ignore signs coming from the Koszul rule for tensor products. Note that by Künneth theorem H * (L×L ′ ) ∼ = H * (L) ⊗ H * (L ′ ) and H * (LL × LL ′ ) ∼ = H * (LL) ⊗ H * (LL ′ ). Furthermore, under changing the grading to * − n everywhere, these splittings are tensor products of graded algebras. Moreover the maps ι and ev commute with this tensor product decomposition. The BV-operator behaves in the following way: for homogeneous elements x ∈ H * (LL), x ′ ∈ H * (LL ′ ),
This implies that for a ∈ H * (L), a ′ ∈ H * (L ′ ),
Observe that [pt
, and furthermore for a ′ = ι([L ′ ]), m a ′ = 0. Therefore
Finally, since ev is an algebra map, and it commutes with the Künneth decompositions, we obtain
The same argument shows that for all 1 ≤ k ≤ N,
In particular, for k = N,
Similarly, we obtain that for all 1 ≤ k ≤ N ′ ,
In particular, for k = N ′ ,
Hence, by (8) and (9), we obtain
If necessary, changing the sign of b N +N ′ , we finish the proof.
